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Find the Equation of motion

Wheel

Horizontal displacement : 𝑥
Horizontal velocity : ሶ𝑥

Rod
𝑥𝑚 = 𝑥 + 𝑙𝑠𝑖𝑛𝜃
ሶ𝑥𝑚 = ሶ𝑥 + 𝑙 ሶ𝜃𝑐𝑜𝑠𝜃

𝑦𝑚 = 𝑙𝑐𝑜𝑠𝜃
ሶ𝑦𝑚 = −𝑙 ሶ𝜃𝑠𝑖𝑛𝜃

(𝑥𝑚, 𝑦𝑚)

𝑙

𝑙

𝑥

𝑦

𝑢
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Total Kinetic Energy

𝑇 = 𝑇𝑤ℎ𝑒𝑒𝑙 + 𝑇𝑟𝑜𝑑

=
1

2
𝑀 ሶ𝑥2 +

1

2
𝑚 ሶ𝑥𝑚

2 + ሶ𝑦𝑚
2

=
1

2
𝑀 ሶ𝑥2 +

1

2
𝑚( ሶ𝑥2 + 2 ሶ𝑥 ሶ𝜃𝑙𝑐𝑜𝑠𝜃 + ሶ𝜃2𝑙2 cos2 𝜃 + ሶ𝜃2𝑙2 sin2 𝜃)

=
1

2
𝑀 +𝑚 ሶ𝑥2 +

1

2
𝑚𝑙2 ሶ𝜃2 +𝑚𝑙 ሶ𝜃 ሶ𝑥𝑐𝑜𝑠𝜃

Find the Equation of motion
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Total Potential Energy
𝑈 = 𝑈𝑤ℎ𝑒𝑒𝑙 + 𝑈𝑚𝑎𝑠𝑠

= 0 +𝑚𝑔𝑦𝑚
= 𝑚𝑔𝑙𝑐𝑜𝑠𝜃

Virtual work
𝛿𝑊𝑛𝑐 = −𝑑 ሶ𝑥 + 𝑢 𝛿𝑥

Nonconservative force
𝑄𝑥
𝑛𝑐 = −𝑑 ሶ𝑥 + 𝑢

Find the Equation of motion
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Lagrangean
𝐿 = 𝑇 − 𝑈

=
1

2
𝑀 +𝑚 ሶ𝑥2 +

1

2
𝑚𝑙2 ሶ𝜃2 +𝑚𝑙 ሶ𝜃 ሶ𝑥𝑐𝑜𝑠𝜃 − 𝑚𝑔𝑙𝑐𝑜𝑠𝜃

𝜕𝐿

𝜕 ሶ𝑥
= 𝑀 +𝑚 ሶ𝑥 + 𝑚𝑙 ሶ𝜃𝑐𝑜𝑠𝜃

𝜕𝐿

𝜕𝑥
= 0

𝜕𝐿

𝜕 ሶ𝜃
= 𝑚𝑙2 ሶ𝜃 + 𝑚𝑙 ሶ𝑥𝑐𝑜𝑠𝜃

𝜕𝐿

𝜕𝜃
= −𝑚𝑙 ሶ𝜃 ሶ𝑥𝑠𝑖𝑛𝜃 + 𝑚𝑔𝑙𝑠𝑖𝑛𝜃

Find the Equation of motionFind the Equation of motion
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Langrangean’s Equation of Motion

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑥
−
𝜕𝐿

𝜕𝑥
= 𝑄𝑥

𝑛𝑐

𝑀 +𝑚 ሷ𝑥 + 𝑚𝑙 ሷ𝜃𝑐𝑜𝑠𝜃 − 𝑚𝑙 ሶ𝜃2𝑠𝑖𝑛𝜃 = −𝑐 ሶ𝑥 + 𝑢

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝜃
−
𝜕𝐿

𝜕𝜃
= 𝑄𝜃

𝑛𝑐

𝑙 ሷ𝜃 + ሷ𝑥𝑐𝑜𝑠𝜃 − 𝑔𝑠𝑖𝑛𝜃 = 0

ሷ𝜃 =
𝑔𝑠𝑖𝑛𝜃 − ሷ𝑥𝑐𝑜𝑠𝜃

𝑙

Find the Equation of motion

(1)

(2)
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From (1), (2)

ሷ𝑥 =
−𝑚2𝑙2𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃 + 𝑚𝑙2 𝑚𝑙 ሶ𝜃2𝑠𝑖𝑛𝜃 − 𝑑 ሶ𝑥 + 𝑚𝑙2𝑢

𝑚𝑙2(𝑀 +𝑚(1 − cos2 𝜃))

ሷ𝜃 =
𝑚+𝑀 𝑚𝑔𝑙𝑠𝑖𝑛 𝜃 −𝑚𝑙𝑐𝑜𝑠𝜃 𝑚𝑙 ሶ𝜃2 sin 𝜃 −𝑑 ሶ𝑥 +𝑚𝑙𝑐𝑜𝑠 𝜃 𝑢

𝑚𝑙2(𝑀+𝑚(1−cos2 𝜃))
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State Vector

𝑠 =

𝑠1
𝑠2
𝑠3
𝑠4

=

𝑥
ሶ𝑥
𝜃
ሶ𝜃

ሶ𝑠 =

ሶ𝑥
ሷ𝑥
ሶ𝜃
ሷ𝜃

=

𝑠2
−𝑚2𝑙2𝑔cos(s3)sin(𝑠3) + 𝑚𝑙2 𝑚𝑙𝑠4

2sin(𝑠3) − 𝑑𝑠2 +𝑚𝑙2𝑢

𝑚𝑙2(𝑀 +𝑚(1 − cos2(𝑠3))
𝑠4

𝑚 +𝑀 𝑚𝑔𝑙𝑠𝑖𝑛 𝑠3 −𝑚𝑙𝑐𝑜𝑠(𝑠3) 𝑚𝑙 ሶ𝜃
2 sin 𝑠3 − 𝑑𝑠2 +𝑚𝑙𝑐𝑜𝑠 𝑠3 𝑢

𝑚𝑙2(𝑀 +𝑚(1 − cos2(𝑠3)))

State variables form
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ሶ𝑠 =

ሶ𝑥
ሷ𝑥
ሶ𝜃
ሷ𝜃

=

𝑠2
−𝑚2𝑙2𝑔cos(s3)sin(𝑠3) + 𝑚𝑙2 𝑚𝑙𝑠4

2sin(𝑠3) − 𝑑𝑠2 +𝑚𝑙2𝑢

𝑚𝑙2(𝑀 +𝑚(1 − cos2(𝑠3))
𝑠4

𝑚 +𝑀 𝑚𝑔𝑙𝑠𝑖𝑛 𝑠3 −𝑚𝑙𝑐𝑜𝑠(𝑠3) 𝑚𝑙 ሶ𝜃
2 sin 𝑠3 − 𝑑𝑠2 +𝑚𝑙𝑐𝑜𝑠 𝑠3 𝑢

𝑚𝑙2(𝑀 +𝑚(1 − cos2(𝑠3)))
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Main script – Free fall

Use ODE45 referring to 
wheelpend function

Making an animation

Initial position: 0 m

Initial angle: +45 (from +y axis)

Initial velocity: 0 m/s

Initial angular velocity: 0 rad/s
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My own setup

Animation creation
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Free fall result

Initial position: 0 m

Initial angle: +45 (from +y axis)

Initial velocity: 0 m/s

Initial angular velocity: 0 rad/s
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- Full-state feedback control

How to control?
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𝑢 = −𝐾𝑥

ሶ𝑥 = 𝐴𝑥 + 𝐵𝑢 = 𝐴 − 𝐵𝐾 𝑥

17

Full-state feedback control

System

-K

u x



Full-state feedback control

𝒔 =

𝑠1
𝑠2
𝑠3
𝑠4

=

𝑥
ሶ𝑥
𝜃
ሶ𝜃

ሶ𝒔 =

ሶ𝑥
ሷ𝑥
ሶ𝜃
ሷ𝜃

=

𝑠2
−𝑚2𝑙2𝑔cos(s3)sin(𝑠3)+𝑚𝑙2 𝑚𝑙𝑠4

2sin(𝑠3)−𝑑𝑠2 +𝑚𝑙2𝑢

𝑚𝑙2(𝑀+𝑚(1−cos2(𝑠3))

𝑠4
𝑚+𝑀 𝑚𝑔𝑙𝑠𝑖𝑛 𝑠3 −𝑚𝑙𝑐𝑜𝑠(𝑠3) 𝑚𝑙 ሶ𝜃2 sin 𝑠3 −𝑑𝑠2 +𝑚𝑙𝑐𝑜𝑠 𝑠3 𝑢

𝑚𝑙2(𝑀+𝑚(1−cos2(𝑠3)))

Linearize

ሶ𝒔 = 𝑨𝒔 + 𝑩𝒖
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𝑨 =

0 1 0 0

0 −
𝑑

𝑀
−
𝑚𝑔

𝑀
0

0 0 0 1

0
𝑑

𝑀𝐿
−

𝑚 +𝑀 𝑔

𝑀𝐿
0

𝑩 = 0
1

𝑀
0

1

𝑀𝐿

𝑇
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Main script – Controlled

Assigning a new set of 
eigen values

Find a controller K that make 
the closed-loop system’s 
eigen values as specifiedControl input
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Assigned eigen values = [-1.3 -1.4 -1.5 -1.6]

Initial position: -3 m

Targeted position: +2 m

Initial angle: +30° (from +y axis)

Targeted angle: 0° (from +y axis)

Initial velocity: 0 m/s

Initial angular velocity: 0 rad/s
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Assigned eigen values = [-2 -2.1 -2.2 -2.3]

Initial position: -3 m

Targeted position: +2 m

Initial angle: +30° (from +y axis)

Targeted angle: 0° (from +y axis)

Initial velocity: 0 m/s

Initial angular velocity: 0 rad/s

22



Assigned eigen values = [-1.3 -1.4 -1.5 -1.6]
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Assigned eigen values = [-2 -2.1 -2.2 -2.3]
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Assigned eigen values 

[-1.3 -1.4 -1.5 -1.6]

[-2 -2.1 -2.2 -2.3]

[-3 -3.1 -3.2 -3.3]
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References

• (8) Inverted Pendulum on a Cart [Control Bootcamp] – YouTube

• (8) Pole Placement for the Inverted Pendulum on a Cart [Control 
Bootcamp] - YouTube
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https://www.youtube.com/watch?v=qjhAAQexzLg&t=223s&ab_channel=SteveBrunton
https://www.youtube.com/watch?v=M_jchYsTZvM&t=169s&ab_channel=SteveBrunton

