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Find the Equation of motion

Wheel
Horizontal displacement : x
Horizontal velocity L X
Rod
Xm = X + lsin®
Xm = X + lO8cosO
Ym = lcosB
Vi, = —10sind



Find the Equation of motion

Total Kinetic Energy
T'=Tyheet T Troa

e e
1

1 | | |
~ EM;‘CZ + Em(icz + 2x0lcos + 8%1% cos? 0 + 8%1° sin? 0)

1 1 : :
=~ (M +m)x? + Emlzez + mlOxcosb



Find the Equation of motion

Total Potential Energy

U = Upneet T Unass
=0+ mgy,
= mglcos6

Virtual work
SWH = (—dx + u)dx

Nonconservative force
2= —dx +u



Find the Equation of motion

Lagrangean
L=T-U
1 . 1 : .

=5 (M + m)x* + Emlzez + mlOxcosf — mglcoso
oL . : dL : :
— = (M + m)x + ml6cosH — = ml?0 + mlxcos6
0x 00
=0 o mibising [sind
P 50 —mloxsint + mglsin



Find the Equation of motion

Langrangean’s Equation of Motion

d (JL oL
R i I an
dt \ dx 0x x

(M + m)% + mlcosd —mlh?sind = —cx +u (1)

d (0L oL
—(—=)-= = pc
dt\oo) 0d6

10 + %cosf — gsing = 0

.. gsinf — Xcos0
0 = l

(2)



From (1), (2)

—m212gcosOsind + ml?(mlo?sind — dx) + ml?u
ml?(M + m(1 — cos? 9))

X =

. (m+M)mglsin(8)—mlcosd(ml6? sin(6)—dx)+mlcos(0)u
6 =
ml2(M+m(1—-cos? 9))



State variables form

State Vector

(S| X
S X
Is1= s3] = [0
|54 6
S2
Ed —m?212gcos(s3)sin(s3) + ml?(mlsgsin(s3) — ds;) + ml%u
(5] = Xl _ ml?2(M + m(1 — cos?(s3))
sh=15]= s
6 (m + M)mglsin(s;) — mlcos(s3)(ml92 sin(sz) — dsz) + mlcos(s3)u
ml?(M + m(1 — cos?(s3)))
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—m?12gcos(s3)sin(s3) + ml?(mlsZsin(s3) — ds,) + ml?u

ml?(M + m(1 — cos?(s3))
S4

(m + M)mglsin(s;) — mlcos(sg)(mlé2 sin(s3) — dsz) + mlcos(s3)u

ml?(M + m(1 — cos?(s3)))

function ds = wheelpendi{s, m,M,L,g,d,u)

sin{(s{3)); % sin(theta)

cos(s{(3)); % cos(theta)

m*L*L* {(M+m*(1-Cx"2)) ; % Denominator

ds(1,1)
ds{(?2,1) =
ds(3,1)
ds(d, 1)

end

= g5(2);

(1/D)*(-m"2*L"2*g*Cx*Sx + m*L"2*{m*L*s(4)"2*8Sx - d*s(2))) + m*L*L*{1/D)*u;

= s5(4) ;

(1/D)*({ (m+M) *m*g*L*8Sx - m*¥L*Cx*(m*L*s(4d)"2%*3x - d*s(2)))

- m*L*Cx*{1/D)*u;




Main script — Free fall

clc, clear, close
Initial position: 0 m
% Bet-up
% rod's mass (kg) Initial angle: +45 (from +y aXiS)
% wheel's mass (kqg)
% rod's half length (m) Initial Ve|OCity: 0 m/S
% Earth's gravity (m/s"2)
% drag coefficient (kg/s) Initial angular VQlOCity: 0 rad/S

tspan = 0:0.1:20; % Time~Span for the simulation

yv0 = [0; 0; pi-pifd; 0]; % Initial conditions

[t,state values] = odedh(@(t,y)wheelpend(y , m M, L, g,d,0),tspan,y0); . Use ODEA45 refe rring to
wheelpend function

x¥x = state wvalues(:,1);

xdot = state walues(:,2);

theta = state values(: 3);

thetadot = state walues(:, 4);

for k = 1:lengthi{t)
drawwheel (state values(k,:) m M, L); . . .
title(num?str{t (k) , 1) % timer display Maklng an animation

end




Animation creation

function drawwheel (state,m,M,L)
= state(l) ;

x = state(1) My own setup
= state(3) ;

% dimensions
= sqgrt(M/5) ; % Wheel's radius

% positions
y = R; % Wheel's wvertical position
X _rod X + 2*L*sin(th) ; % Rod's horizontal peosition

y_rod y - 2*L*cos(th); % Rod's vertical position

% Drawing
plot([-10 10],[0 O], ; ;2), hold % Draw a ground level
rectangle ( . [x-R,y-R,2*R,2*R], ([1 171...

. [.5 0.5 1], ,1.5); % Draw a Wheel
plot([x x rod], [y y_rod], 4); % Draw a Rod

axis([-1.5*L 1.5*L -L 1.8*%2*L]);

axis

set (gef, , [100 100 1000 400])
drawnow, hold




Free fall result

time = 0.000 s

Initial position: 0 m
3t . Initial angle: +45 (from +y axis)
Initial velocity: 0 m/s

Initial angular velocity: 0 rad/s




displacement (m)

Angle (degree)

Position vs time
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How to control?

- Full-state feedback control



Full-state feedback control

x =Ax + Bu = (A — BK)x
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Full-state feedback control

:QD: .- = ><-:

1] »
S X
S = 2 =
S3 6
Sa] 16

S2
—mZ212gcos(s3)sin(s3)+mi?(mlsZsin(s3)—ds; )+ml?u
ml?2(M+m(1—cos?(s3))

S4

(m+M)mglsin(s3)—mlcos(s3)(mlO? sin(sz)—ds,)+mlcos(s3)u

ml2(M+m(1—cos?(s3)))

-

Linearize

s = As + Bu
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Main script — Controlled

cle, clear , close

% Set-up

rod's mass (kg)

wheel's mass (kg)

rod's half length (m)
Earth's gravity (m/s*2)

e P o P

drag coefficient (kg/s) 0
-2.40772302316959
1 0 0;

0 —d/M -mbg/M 0; ~0.233645380020364

0 0 0 1; 2.44136840318995
0 d/ (M*L) - (m+M) *g/(M*L) 0];

B = [0; 1/M; 0; 1/(M*L)];
eig(A) % This shows that the system is currently unstable

new_eig = . . .5, -1.6]; % slow ASSigning a hew set Of
¥ new_eig . .2, =2.3]; % medium eigen Va|ueS

% new_eig = . .2, =-3.31; % fast

Find a controller K that make
the closed-loop system’s

tzpan[=30=g.1=go;_/6 . eigen values as specified
yuv = L=35 - P17P1 i ;

targ pos = 2; % Targetted position (m)
[t,state _values] = oded5(€(t,y)wheelpend(y,m,M,L,g,d,-K*¥(y -[targ pos; 0; pi; 0])), tspan,y0)

K = place (A, B, new_eiq);




Assigned eigen values = [-1.3-1.4-1.5-1.6]

time = 0.000 s

S ETRAEC

Initial position: -3 m

Targeted position: +2 m

Initial angle: +30° (from +y axis)
Targeted angle: 0° (from +y axis)
Initial velocity: 0 m/s

Initial angular velocity: O rad/s




Assigned eigen values = [-2-2.1-2.2 -2.3]

time = 0.000 s

LEMAR QG

Initial position: -3 m

Targeted position: +2 m

Initial angle: +30° (from +y axis)
Targeted angle: 0° (from +y axis)
Initial velocity: 0 m/s

Initial angular velocity: O rad/s




Assigned eigen values =[-1.3-1.4-1.5-1.6]

Linear velocity vs time

Position vs time
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Assigned eigen values = [-2-2.1-2.2 -2.3

" Position vs time . Linear velocity vs time
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Assighed eigen values

[-1.3-1.4-1.5-1.6]

[-2-2.1-2.2 -2.3]

[-3-3.1-3.2-3.3]
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* (8) Inverted Pendulum on a Cart [Control Bootcamp] — YouTube

e (8) Pole Placement for the Inverted Pendulum on a Cart [Control

Bootcamp] - YouTube
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https://www.youtube.com/watch?v=qjhAAQexzLg&t=223s&ab_channel=SteveBrunton
https://www.youtube.com/watch?v=M_jchYsTZvM&t=169s&ab_channel=SteveBrunton

